Abstract. We provide a systematic and in-depth study of compact group actions with the Rokhlin property. It is show that the Rokhlin property is generic in some cases of interest; the case of totally disconnected groups being the most interesting one. One of our main results asserts that the inclusion of the fixed point algebra induces an order-embedding on K-theory, and that it has a splitting whenever it is restricted to finitely generated subgroups.
Introduction
The Rokhlin property for discrete group actions on C˚-algebras first appeared, at least implicitly, in the late 1970's and early 1980's Fack and Maréchal [7] , and Herman and Jones [20] , on cyclic group actions on UHF-algebras, as well as in the work of Herman and Ocneanu [21] on integer actions on UHF-algebras. In [25] , Izumi provided a formal definition of the Rokhlin property for an action of a finite group. His classification theorems [25, 26] are among the major classification results of finite group actions. These results were extended to the nonunital case in [19] .
Later on, Hirshberg and Winter introduced in [23] a notion of the Rokhlin property for actions of arbitrary second-countable, compact groups on C˚-algebras. Crossed products by compact group actions with the Rokhlin property were studied by a number of authors; see, for example, [25, 23, 32, 35, 41, 12] .
The purpose of this paper is to provide a systematic study of compact group actions with the Rokhlin property, in a spirit similar to the one in [16] , where we explored compact group actions with finite Rokhlin dimension. We hope that the results contained in this paper will provide the necessary technical tools to attack problems in which the Rokhlin property of a compact group action can be proved to have a relevant role. For example, the Rokhlin property for a particular action of Z 3 was used in [37] to compute the Elliott invariant and the Cuntz semigroup of a certain simple separable exact C˚-algebra not anti-isomorphic to itself. More recently, Rokhlin actions of totally disconnected groups were used in [15] to construct uncountable many non-cocycle conjugate actions of groups with property (T) on UHF-algebras.
The approach used in this work yields new information even for actions of finite groups. Indeed, most of our results, particularly those in Sections 3 and 4, had not been noticed even in the well-studied case of finite groups. This paper is structured as follows. In Section 2, we recall the definition of the Rokhlin property for a compact group action, and establish some permanence properties. We also construct examples of compact group actions with the Rokhlin property on several simple C˚-algebras, and show the following:
Theorem A. (See Corollary 2.22). For compact totally disconnected group actions on UHF-absorbing C˚-algebras, and for compact group actions on O 2 -absorbing C˚-algebra, the Rokhlin property is generic.
In Section 3, we study the K-theory and Cuntz semigroup of fixed point algebras and crossed products, as well as the equivariant K-theory. For example, the augmentation ideal in the group ring annihilates the equivariant K-theory of a compact group action with the Rokhlin property; see Theorem 3.13. We also show the following: Theorem B. (See Theorem 3.3). If α : G Ñ AutpAq has the Rokhlin property, then K˚pA¸α Gq can be naturally identified, as a partially ordered group, with a subgroup of K˚pAq. The inclusion K˚pA¸α Gq ãÑ K˚pAq is locally split, and the local splitting is natural with respect to certain maps.
A similar result is obtained for the Cuntz semigroup. These results, as well as the main technical device used to prove them (Theorem 3.1), seem not to have been noticed even in the context of finite group actions (with the exception of part (1) in Theorem 3.3, which was proved in the simple case by Izumi; see Theorem 3.13 in [25] ).
In Section 4, we explore duality and other applications involving equivariant semiprojectivity. As the main technical result of independent interest, we characterize those abelian compact groups that are equivariantly semiprojective:
Theorem C. (See Theorem 4.4). Let G be an abelian compact group. Then CpGq is G-equivariantly semiprojective if and only if G is a Lie group and dimpGq ď 1.
As an application, we have:
(See Theorem 4.6). Let G be a compact abelian Lie group with dimpGq ď 1. Then every action of G with the Rokhlin property is a dual action. This corollary had also not been noticed in the context of finite group actions. For finite abelian group actions on Kirchberg algebras, this result can be used to give a simpler proof of the classification theorems in [26] .
As a further application of the techniques in this section, we characterize those topological dynamical systems with the Rokhlin property:
Theorem E. (See Theorem 4.12). Let G be an compact Lie group, and let G ñ X be an action on a compact Hausdorff space X. Then the induced action on CpXq has the Rokhlin property if and only if G ñ X is free and the principal G-bundle X Ñ X{G is trivial.
In this paper, we take N " t1, 2, . . .u. For n P N with n ě 2, we denote by Z n the cyclic group of order n. The circle group will be denoted by T. Lie groups are not be assumed to be connected; in particular, finite groups are Lie groups. Groups will be assumed to be second-countable, and in particular metrizable.
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Permanence properties, examples and genericity
In this section, we recall the definition of the Rokhlin property for a compact group action (Definition 2.3), and present a number of permanence properties (Theorem 2.5) that will allow us to construct, in Subsection 2.1, interesting examples of Rokhlin actions on simple, nuclear C˚-algebras. Subsection 2.2 contains the main result of this section, which shows that the Rokhlin property is in some cases generic among all actions of a compact group G (Corollary 2.22); the case of totally disconnected groups being the most interesting one.
We begin by introducing some useful notation and terminology.
Definition 2.1. Let A be a unital C˚-algebra. Let ℓ 8 pN, Aq denote the set of all bounded sequences in A with the supremum norm and pointwise operations. Then ℓ 8 pN, Aq is a unital C˚-algebra, the unit being the constant sequence 1. Let c 0 pN, Aq " tpa n q nPN P ℓ 8 pN, Aq : lim nÑ8 }a n } " 0u.
Then c 0 pN, Aq is an ideal in ℓ 8 pN, Aq, and we denote the quotient ℓ 8 pN, Aq{c 0 pN, Aq by A 8 . We write κ A : ℓ 8 pN, Aq Ñ A 8 for the quotient map. We identify A with the unital subalgebra of ℓ 8 pN, Aq consisting of the constant sequences, and with a unital subalgebra of A 8 by taking its image under κ A . We write A 8 X A 1 for the relative commutant of A inside of A 8 .
If α : G Ñ AutpAq is an action of G on A, there are actions of G on ℓ 8 pN, Aq and on A 8 , which we denote α 8 and α 8 , respectively. Note that
for all g P G, so that α 8 restricts to an action on A 8 X A 1 , also denoted by α 8 . When G is not discrete, these actions are not necessarily continuous: Example 2.2. Let α : T Ñ AutpCpTqq be the action induced by left translation. For n P N, let u n P CpTq be the unitary given by u n pζq " ζ n for all ζ P T. Set u " pu n q nPN P ℓ 8 pN, CpTqq. It is not difficult to check that the assignments If G is a locally compact group, we denote by Lt : G Ñ AutpC 0 pGqq the action induced by left translation of G on itself. In some situations (particularly in Theorem 4.12), we make a slight abuse of notation and also denote by Lt the action of G on itself by left translation.
The following is essentially Definition 3.2 of [23] , except that we do not require the map ϕ to be injective. However, this condition is automatic: the kernel of ϕ is a translation invariant ideal in CpGq, so it must be either t0u or all of CpGq. Definition 2.3. Let A be a unital C˚-algebra, let G be a second-countable compact group, and let α : G Ñ AutpAq be a continuous action. We say that α has the Rokhlin property if there is an equivariant unital homomorphism
Circle actions with the Rokhlin property have been studied in [10] , [11] , and [9] . There, the definition given reads as follows: An action α : T Ñ AutpAq of the circle T on a unital C˚-algebra A is said to have the Rokhlin property if for every finite subset F Ď A and for every ε ą 0, there exists a unitary u in A such that (1) }α ζ puq´ζu} ă ε for all ζ P T, and (2) }au´ua} ă ε for all a P F . For the sake of consistency, and since we will use results from [10] , we check that both definitions agree. The main point is to show that the estimate in (1) above is uniform on ζ P T. Proposition 2.4. Let A be a separable, unital C˚-algebra, and let α : T Ñ AutpAq be a continuous action. Then α has the Rokhlin property in the sense of Definition 2.3 if and only if it has the Rokhlin property in the sense of [10] .
Proof. Assume that an action α : T Ñ AutpAq has the Rokhlin property in the sense of [10] . Since unital homomorphisms from CpTq into a unital C˚-algebra are in one-to-one correspondence with unitaries in the C˚-algebra, it is clear that there is a unital homomorphism ϕ : CpTq Ñ A 8 . By condition (2), the image of this homomorphism is contained in the commutant of A. Moreover, the fact that }α ζ puq´ζu} ă ε is arbitrarily small for every fixed ζ P T implies that ϕ is equivariant. Finally, the uniformity condition implies that the image of ϕ is contained in A α, 8 . This verifies Definition 2.3.
To prove the converse implication, let F Ď A be a finite subset and let ε ą 0. Let u P A 8,α X A 1 be a unitary inducing a unital homomorphism as in Definition 2.3 for G " T. Choose a sequence pu n q nPN of unitaries in A such that κ A ppu n q nPN q " u.
Since u belongs to the commutant of A, we have
On the other hand, the fact that pα 8 q ζ puq " ζu for all ζ P T, shows that
for all ζ P T. This by itself does not imply that we can choose n large enough so that }α ζ pu n q´ζu n } ă ε holds for all ζ P T. Put in a different way, one needs to show that the sequence of functions f n : T Ñ R given by f n pζq " }α ζ pu n q´ζu n } for ζ P T, converges uniformly to zero. Equation (2) implies that pf n q nPN converges pointwise to zero. Without loss of generality, we may assume that f n pζq ě f n`1 pζq for all n P N and all ζ P T.
Since u belongs to A α, 8 , it follows that f n is continuous for all n P N. Now, by Dini's theorem, a decreasing sequence of continuous functions converges uniformly if it converges pointwise to a continuous function. Thus, for the finite set F Ď A and the tolerance ε ą 0 given, we use this fact together with Equation (1) to find n 0 P N such that }α ζ pu n0 q´ζu n0 } ă ε for all ζ P T, and }au n0´un0 a} ă ε for all a P F .
Since unital completely positive maps of order zero are necessarily homomorphisms, it is easy to see that the Rokhlin property for a compact group action agrees with Rokhlin dimension zero in the sense of Definition 3.2 in [16] . In particular, the following is a consequence of Theorem 3.8 in [16] and Proposition 5.1 in [13] . Theorem 2.5. Let A be a unital C˚-algebra let G be a second-countable compact group, and let α : G Ñ AutpAq be a continuous action of G on A.
(1) Let B be a unital C˚-algebra, and let β : G Ñ AutpBq be a continuous action of G on B. Let A b B be any C˚-algebra completion of the algebraic tensor product of A and B for which the tensor product action g Þ Ñ pα b βq g " α g b β g is defined. If α has the Rokhlin property, then so does α b β. (2) Let I be an α-invariant ideal in A, and denote by α : G Ñ AutpA{Iq the induced action on A{I. If α has the Rokhlin property, then so does α. (3) Suppose that α has the Rokhlin property and let p be an α-invariant projection in A. Set B " pAp and denote by β : G Ñ AutpBq the compressed action of G. Then β has the Rokhlin property.
Furthermore, (4) Let pA n , ι n q nPN be a direct system of unital C˚-algebras with unital connecting maps, and for each n P N, let α pnq : G Ñ AutpA n q be a continuous action such that ι n˝α
g˝ιn for all n P N and all g P G. Suppose that A " lim Ý Ñ A n and that α " lim Ý Ñ α pnq . If α pnq has the Rokhlin property for infinitely many values of n, then α has the Rokhlin property as well.
It is not in general the case that the Rokhlin property for compact group actions is preserved by restricting to a closed subgroup. The reader is referred to Section 3.1 in [16] for a discussion about the interaction between Rokhlin dimension and restriction to closed subgroups.
2.1. Examples and non-existence. Compact group actions with the Rokhlin property are rare (and they seem to be even less common if the group is connected). In a forthcoming paper ( [15] ), we will show that there are many C˚-algebras of interest that do not admit any non-trivial compact group action with the Rokhlin property (such as the Cuntz algebra O 8 and the Jiang-Su algebra Z; see [22] for a stronger statement valid for compact Lie groups), while there are many C˚-algebras that only admit actions with the Rokhlin property of totally disconnected compact groups, such as the Cuntz algebras O n for n ě 3, UHF-algebras, or even AI-algebras. See [9] and [10] for some non-existence results of circle actions with the Rokhlin property.
In this section, we shall construct a family of examples of compact group actions with the Rokhlin property on certain simple AH-algebras of no dimension growth, and on certain Kirchberg algebras, including O 2 . We also show that compact group actions on O 2 -absorbing C˚-algebras are generic, in a suitable sense; see Theorem 2.19. The next one is the canonical example of a Rokhlin action. Example 2.6. Given a second-countable compact group G, the action Lt : G Ñ AutpCpGqq has the Rokhlin property, essentially by definition.
For the theory to be applicable in cases of interest, we must exhibit Rokhlin actions on C˚-algebras that fit within the classification program of Elliott. Our next three examples do this.
Then α pnq has the Rokhlin property by part (1) of Theorem 2.5 and Example 2.6. Fix a countable subset X " tx 1 , x 2 , x 3 , . . .u of G such that tx m , x m`1 , . . .u is dense in G for all m P N. Given n P N, define a map ι n : A n Ñ A n`1 by ι n pf q "ˆf 0 0 Lt xn pf qḟ or every f in A n . Then ι n is unital and injective. The direct limit A " lim Ý Ñ pA n , ι n q is clearly a unital AH-algebra of no dimension growth, and it is simple by Proposition 2.1 in [5] . It is easy to check that ι n˝α pnq g " α pn`1q g˝ιn for all n P N and all g P G, and hence`α pnq˘n PN induces a direct limit action α " lim Ý Ñ α pnq of G on A. Then α has the Rokhlin property by part (3) of Theorem 2.5. The (graded) K-theory of A is easily seen to be K˚pAq -
α is isomorphic to the CAR algebra, and the inclusion A α Ñ A, at the level of K 0 , induces the canonical embedding
as the second tensor factor. In Example 2.7, the 2 8 UHF pattern can be replaced by any other UHF or (simple) AF pattern, and the resulting C˚-algebra is also a (simple) AH-algebra with no dimension growth. If the group is totally disconnected, the direct limit algebra will be an AF-algebra. For non-trivial groups, these AF-algebras will nevertheless not be UHF-algebras, even if a UHF pattern is followed. 
Then β has the Rokhlin property by part (1) of Theorem 2.5. More generally, the action constructed in Example 2.7 can be used to construct an action of G on any O 2 -absorbing C˚-algebra.
In contrast, it follows from the following proposition that only finite groups act with the Rokhlin property on finite dimensional C˚-algebras (and, in this case, the action must be a permutation of the simple summands). The result is not surprising, but our proof allows us to show that the result is true even under the much weaker assumption that the action be pointwise outer. In particular, by Theorem 4.14 in [16] , this applies to compact group actions with finite Rokhlin dimension. Proposition 2.10. Let G be a compact group, let A be a finite dimensional C˚-algebra, and let α : G Ñ AutpAq be a continuous action. If α g is outer for all g P Gzt1u, then G must be finite. [9] , the restriction α| G0 acts trivially on K-theory. This is easily seen to be equivalent to α g pM nj q " M nj for all g P G 0 and all j " 1, . . . , m. Given g P G 0 , and since every automorphism of a matrix algebra is inner, it follows that α g | Mn j is inner for all j " 1, . . . , m. Hence α g is inner, and we conclude that G 0 " t1u. In other words, G is totally disconnected. If G is infinite, then there is a strictly decreasing sequence
of infinite closed subgroups of G with finite index. Therefore there is an increasing sequence of inclusions
Since A is finite dimensional, this sequence must stabilize, and hence there exists an infinite subgroup H of G such that A H " A. We conclude that α g " id A for all g P H. This is a contradiction, and hence G is finite.
The following technical definition will be needed in the next subsection. Definition 2.11. Let A be a unital C˚-algebra, let G be a second-countable compact group, and let α : G Ñ AutpAq be a continuous action. We say that α has the strong Rokhlin property if there exists a unital equivariant homomorphism ϕ : pCpGq, Ltq Ñ pA 8,α X A 1 , α 8 q which can be lifted to an equivariant homomorphism ϕ : pCpGq, Ltq Ñ pℓ
The difference between the Rokhlin property (Definition 2.3) and the strong Rokhlin property, is that in Definition 2.3, the homomorphism ϕ is not assumed to be liftable to a homomorphism into ℓ 8 α pAq. The following remark highlights this difference in terms of elements in the coefficient algebra A:
Remark 2.12. Let α : G Ñ AutpAq be an action of a second-countable compact group on a unital C˚-algebra A. The following equivalences are easy to check:
(a) α has the Rokhlin property if and only if for every finite subset F Ď A, for every finite subset S Ď CpGq, and for every ε ą 0, there exists a unital equivariant completely positive contractive map ϕ : CpGq Ñ A such that }ψpf qa´aψpf q} ă ε and }ψpf hq´ψpf qψphq} ă ε for all f, h P S and for all a P F . (b) α has the strong Rokhlin property if and only if for every finite subset F Ď A, for every finite subset S Ď CpGq, and for every ε ą 0, there exists a unital equivariant homomorphism ψ : CpGq Ñ A such that }ψpf qa´aψpf q} ă ε for all f P S and for all a P F .
(The difference between both conditions is that, while ψ is only assumed to be almost multiplicative in part (a), it is a homomorphism in part (b).)
By Proposition 3.3 in [10] , any action of the circle with the Rokhlin property has the strong Rokhlin property. More generally, it will follow from Theorem 4.4 that the Rokhlin property is equivalent to the strong Rokhlin property for (abelian) compact Lie groups with dimpGq ď 1. We do not have an example of an action with the Rokhlin property that does not have the strong Rokhlin property, although we suspect it exists. The following will be needed later. Lemma 2.13. Let G be a second-countable compact group. Then there exists a continuous action α : G Ñ AutpO 2 q with the strong Rokhlin property.
Proof. By Theorem 3.8 in [27] , it is enough to construct an action of G on a simple, unital, separable, nuclear C˚-algebra, with the strong Rokhlin property. It is straightforward to check that the action constructed in Example 2.7 satisfies the desired condition. We omit the details.
2.2.
The Rokhlin property is generic. In this subsection, we study genericity of Rokhlin actions. We show that if A is a separable, unital, UHF-absorbing C˚-algebra, and if G is a totally disconnected compact group, then then G-actions on A with the Rokhlin property are generic. For an arbitrary compact group, a similar result is obtained for O 2 -absorbing C˚-algebras; see Corollary 2.22.
Throughout, A will be a separable, unital C˚-algebra, and G will be a secondcountable compact group. Definition 2.14. Given an enumeration X " ta 1 , a 2 , . . .u of a countable dense subset of the unit ball of A, define
Denote by Act G pAq the set of all continuous actions of G on A, and define
for α, β P Act G pAq. We record the following standard fact.
Lemma 2.15. For any enumeration X as above, the function ρ G,X is a complete metric on Act G pAq.
Notation 2.16. Given a finite subset F Ď A, given a finite subset S Ď CpGq, and given ε ą 0, we let W G pF, S, εq denote the set of all actions α P Act G pAq such that there exists a unital completely positive linear map ϕ : CpGq Ñ A satisfying (1) }ϕpf qa´aϕpf q} ă ε for all a P F and for all f P S; (2) }ϕpf 1 f 2 q´ϕpf 1 qpϕpf 2 q} ă ε for all f 1 , f 2 P S; and (3) }α g pϕpf qq´ϕpLt g pf qq} ă ε for all g P G and for all f P S.
It is easy to check that an action α P Act G pAq has the Rokhlin property if and only if it belongs to W G pF, S, εq for all finite subsets F Ď A and S Ď CpGq, and for all positive numbers ε ą 0.
If Z is a set, we denote by P f pZq the set of all finite subsets of Z. Note that
Lemma 2.17. Let X be a countable dense subset of the unit ball of A, and let Y be a countable dense subset of the unit ball of CpGq. Then α P Act G pAq has the Rokhlin property if and only if it belongs to the countable intersection č
Proof. One just needs to approximate any finite subset of A by scalar multiples of elements in a finite subset of X, and likewise for finite subsets of CpGq. (We are implicitly using that both A and CpGq are separable.) We omit the details.
Since the following proposition is a bit technical, we give a sketch of its proof in a simplified setting. Adopt the notation and assumptions of the proposition, and for the sake of the argument, suppose that there exists an isomorphism θ : A b D Ñ A such that a Þ Ñ pθpa b 1 D q is unitarily equivalent to id A , and let w P UpAq be an implementing unitary. Set ρ " Adpwq˝θ. One can check that if α P Act G pAq, then
for all g P G. Since γ has the Rokhlin property, so does αb γ, and by the above also α. We deduce that α belongs to W G pF, S, εq for all F, S, ε. In general, when a Þ Ñ θpa b 1 D q is approximately unitarily equivalent to id A , one can only approximate α by elements in W G pF, S, εq, showing that this set is dense.
For use in the following proposition, we denote by d : GˆG Ñ R a (left) invariant metric on G.
Proposition 2.18. Let A and D be unital, separable C˚-algebras, such that there is an action γ : G Ñ AutpDq with the strong Rokhlin property. Suppose that there exists an isomorphism θ : A b D Ñ A such that a Þ Ñ θpa b 1 D q is approximately unitarily equivalent to id A . Then for every finite subset F Ď A and every ε ą 0, the set W G pF, S, εq is open and dense in Act G pAq.
Proof. We first check that W G pF, S, εq is open. Choose an enumeration X " ta 1 , a 2 , . . .u of a countable dense subset of the unit ball of A, and an enumeration Y " tf 1 , f 2 , . . .u of a dense subset of the unit ball of CpGq. Let α in W G pF, S, εq, and choose a unital completely positive linear map ϕ : CpGq Ñ A satisfying (1) }ϕpf qa´aϕpf q} ă ε for all a P F and for all f P S; (2) }ϕpf hq´ϕpf qpϕphq} ă ε for all f, h P S; and (3) }α g pϕpf qq´ϕpLt g pf qq} ă ε for all g P G and for all f P S.
We claim that if
, and let f P S. Then }α 1 g pϕpf qq´ϕpLt g pf qq} ď }α 1 g pϕpf qq´α g pϕpf qq}`}α g pϕpf qq´ϕpLt g pf qq}
The claim is proved. It follows that W G pF, S, εq is open. We will now show that W G pF, S, εq is dense in Act G pAq. Let α be an arbitrary action in Act G pAq, let E Ď A be a finite subset, and let δ ą 0. We want to find β P Act G pAq such that β belongs to W G pF, S, εq and }α g paq´β g paq} ă δ for all g P G and all a P E.
Fix 0 ă δ 1 ă mintδ, εu. Since G is compact and second-countable, it admits a left-invariant metric, which we denote by d : GˆG Ñ R. Since α is continuous, there is δ 0 ą 0 such that whenever g, g 1 P G satisfy dpg, g 1 q ă δ 0 , then
Choose m P N and g 1 , . . . , g m P G, such that for every g P G, there is j P N, with 1 ď j ď m, satisfying dpg, g j q ă δ 0 . Choose w P UpAq with
α gj pEq. Set ρ " Adpwq˝θ and define an action β P Act G pAq by
We claim that β belongs to W G pF, S, εq. Choose r P N, d 1 , . . . , d r P D, and
Use the strong Rokhlin property of γ to find a unital equivariant homomorphism ϕ : CpGq Ñ D such that }ϕpf qd ℓ´dℓ ϕpf q} ă ε 4
for all f P S and for all ℓ " 1, . . . , r. Then
for all f P S, and hence
for f P CpGq. Given g P G and f P S, we have
and thus }β g pψpf qq´ψpLt g pf qq} ă ε for all g P G and for all f P S. On the other hand, given a P F and f P S, we use the identity
at the third step, to obtain
This proves the claim. It remains to prove that }β g paq´α g paq} ă δ for all a in E and all g in G. For fixed g P G, choose j P t1, . . . , mu such that dpg, g j q ă δ 0 . Then, for a P E, we have
This finishes the proof. Proof. By Lemma 2.17, the set of all G-actions on A that have the Rokhlin property is precisely the countable intersection
n˘i s open and dense in Act G pAq, which is a complete metric space by Lemma 2.15. The result then follows from the Baire Category Theorem.
We make some comments on the verification of the assumptions in the theorem above. Recall that a unital, separable C˚-algebra D is said to be strongly selfabsorbing, if it is infinite-dimensional and the map
is approximately unitarily equivalent to an isomorphism. Whenever D is strongly self-absorbing, and A is a separable, unital C˚-algebra satisfying A b D -A, then there exists an isomorphism θ : A b D Ñ A satisfying the assumptions of Theorem 2.19; see, for example, Theorem 7.2.2 in [40] . On the other hand, finding compact group actions on strongly self-absorbing C˚-algebras with the (strong) Rokhlin property is not always easy. For example, neither the Jiang-Su algebra Z nor the Cuntz algebra O 8 admit any non-trivial compact group action with the Rokhlin property; see [15] (the case of Lie groups was proved in [22] ). At the opposite end, we already saw in Lemma 2.13 that every compact group admits an action on O 2 with the strong Rokhlin property.
Finding examples of Rokhlin actions on UHF-algebras is much more subtle. For example, the main result of [15] asserts that only totally disconnected groups can act on a UHF-algebra with the Rokhlin property. Here, we only need to know that totally disconnected groups admit actions on UHF-algebras with the (strong) Rokhlin property. We need some notation: Definition 2.20. Let G be a totally disconnected group, and let P denote the set of all prime numbers. Define a supernatural number s G : P Ñ t0, 8u by s G ppq " 8 if and only if p divides the order of some finite quotient of G. We denote by D G the UHF-algebra of infinite type associated to s G . Explicitly,
. Let G be a totally disconnected group. Then there exists an action δ G : G Ñ AutpD G q with the strong Rokhlin property.
Proof. See [18] .
The construction of δ G is straightforward when G is finite. The general case is, however, much more complicated, and it involves constructing approximately representable coactions of G on UHF-algebras, and using noncommutative duality. The essential ideas already show up in the case when G is abelian; see [17] .
Combining these results, we obtain the following:
Corollary 2.22. Let A be a separable unital C˚-algebra and let G be a compact group.
on A with the Rokhlin property is a dense G δ -set in Act G pAq.
Proof. (1) . By Lemma 2.13, there is an action γ : G Ñ AutpO 2 q with the strong Rokhlin property. Since A absorbs O 2 tensorially, the hypotheses of Theorem 2.19 are met by Theorem 7.2.2 in [40] , and the result follows.
(2). This is analogous, using Theorem 2.21 instead of Lemma 2.13.
K-theory and Cuntz semigroups of crossed products
We begin this section by proving the main technical theorem that will be used in the proofs of essentially every other result in this section. Roughly speaking, Theorem 3.1 will allow us to take averages over the group G, in such a way that elements of the fixed point algebra are left fixed, and also such that˚-polynomial relations in the algebra are approximately preserved.
We give a sketch of the proof in the case that G is finite and there is an equivariant unital embedding of CpGq into the center of A, since this case is very simple and contains the main idea. Such an embedding gives us central projections p g P A, for g P G, which satisfy α g pp h q " p gh for all g, h P G and ř
for all a P A. One can directly check that ψ is a homomorphism that leaves A α fixed, as desired. In general, when the embedding of CpGq is only almost central and almost multiplicative, one obtains an almost homomorphism map.
Theorem 3.1. Let A be a unital C˚-algebra, let G be a second-countable compact group, and let α : G Ñ AutpAq be an action with the Rokhlin property. Given a compact subset F Ď A and ε ą 0, there exists a unital, continuous linear map
(2) }ψpa˚q´ψpaq˚} ă ε for all a P F ; (3) }ψpaq} ď 2}a} for all a P F ; and (4) ψpaq " a for all a P A α .
If A is separable, it follows that there exists an approximate homomorphism pψ n q nPN consisting of bounded, unital linear maps ψ n : A Ñ A α satisfying ψ n paq " a for all a P A α .
Proof. Without loss of generality, we may assume that }a} ď 1 for all a P F . For the compact set F and the tolerance ε 0 " ε 6 , use Proposition 4.3 in [13] to find a positive number δ ą 0, a finite subset K Ď G, a partition of unity pf k q kPK in CpGq, and a unital completely positive map ϕ : CpGq Ñ A, such that the following conditions hold:
(e) Whenever k and
Denote by E : A Ñ A α the canonical conditional expectation, which is given by
or all a P A. We claim that ψ has the desired properties. It is immediate that ψpaq " a for all a P A α , using the properties of the conditional expectation E, so condition (4) is guaranteed.
We proceed to check condition (1) in the statement. Given a, b P F , we use condition (c) at the second and fifth step, conditions (a), (b), (d) and (e) at the third step, and the fact that ϕ is unital and pf k q kPK is a partition of unity of CpGq at the fourth step, to get
ψpabq.
Hence }ψpabq´ψpaqψpbq} ă 6ε 0 " ε, and condition (1) is proved. To prove condition (2), let a P F . In the following computation, we use condition (d) at the second step, and the fact that ϕ and E are positive at the third step:
Thus, condition (2) is verified.
To check condition (3), let a P F . Then
Since the assignment a Þ Ñ Eˆř
2˙d efines a unital (completely) positive map r ψ : A Ñ A α , we conclude that }ψpaq} ď } r ψpaq}`ε 0 ď }a}`ε 0 ď 2}a}, as desired. This finishes the proof.
3.1. K-theory and fixed point algebras. Our first applications of Theorem 3.1 are to the maps induced by the canonical inclusion A α ãÑ A at the level of K-theory (Theorem 3.3), and to the equivariant K-theory K G pAq (Theorem 3.13). We start off with an intermediate result. Recall that for two projections p and q in a C˚-algebra B, we say that p is Murray-von Neumann subequivalent (in B) to q, written p À M´vN q, if there exists a third projection q 0 P B such that p " M´vN q 0 and q 0 ď q. Murray-von Neumann subequivalence is easily seen to be transitive. (We warn the reader that p À M´vN q and q À M´vN p do not in general imply p " M´vN q.) Proposition 3.2. Let A be a unital C˚-algebra, let G be a second-countable compact group, and let α : G Ñ AutpAq be an action with the Rokhlin property. Let p, q P A α be two projections.
(
Proof. (1)
We use the identity q 0 " q 0 q at the second step to show that }r q 0´r q 0 q} ď 2}r q 0´ψ pq 0 q}`}ψpq 0 q´ψpq 0 qq} ă 2ε`δ ď 1.
It follows from Lemma 2.5.2 in [29] that r q 0 À M´vN q in A α . Now we claim that p " M´vN r q 0 in A α . We use the identity ps˚q 0 sp " p at the last step to show }pr q 0 ψpsqpq˚pr q 0 ψpsqpq´p} ď }pψpsq˚r q 2 0 ψpsqp´pψps˚qr q 2 0 ψpsqp}`4}r q 0´ψ pq 0 q} }ψppqψps˚qψpq 0 qψpsqψppq´ψps˚sq} ă 2δ`4ε`15δ`}ψpps˚q 0 spq´ψps˚sq} ă 21ε " 1.
Likewise, }pr q 0 ψpsqpqpr q 0 ψpsqpq˚´q} ă 1. By Lemma 2.5.3 in [29] applied to r q 0 ψpsqp, there exists a partial isometry t in A α such that t˚t " p and tt˚" r q 0 . We conclude that p " M´vN r q 0 À M´vN q in A α , so the proof is complete. (2) . The proof of this part is analogous, so we omit the details.
Part (1) of the following theorem generalizes Theorem 3.13 in [25] in two ways: we do not assume our algebras to be simple, and we consider compact groups. It has also been independently observed in [2] . The remaining parts are new even when G is finite. Theorem 3.3. Let A be a unital, separable C˚-algebra, let G be a secondcountable compact group, and let α : G Ñ AutpAq be an action with the Rokhlin property. Then the following assertions hold:
(1) The canonical inclusion ι : A α Ñ A induces an injective map
(2) The map K 0 pιq : K 0 pA α q Ñ K 0 pAq is an order-embedding; that is, whenever
(3) Let j P t0, 1u, and let H be a finitely generated subgroup of K j pAq. Then there exists a group homomorphism π : H Ñ K 0 pA α q such that
Proof. (1) . The result for K 1 follows from the result for K 0 , by tensoring with any unital C˚-algebra satisfying the UCT with K-theory p0, Zq, and using the Künneth formula. We will therefore only prove the theorem for K 0 . Let x P K 0 pA α q satisfy K 0 pιqpxq " 0. Choose n P N and projections p, q P M n pA α q such that x " rps´rqs. Then rps " rqs in K 0 pAq.
(2). Let x, y P K 0 pA α q and suppose that K 0 pιqpxq ď K 0 pιqpyq. Choose n P N and projections p, q, e, and f in M n pA α q, such that x " rps´rqs and y " res´rf s. Then rps`rf s ď res`rqs in K 0 pAq. Without loss of generality, we can assume that p ' f À M´vN e ' q in M 2n pAq. Since the action induced by α on M 2n pAq has the Rokhlin property by part (1) of Theorem 2.5, it follows from part (2) of Proposition 3.2 that p ' f À M´vN e ' q in M 2n pA α q. Hence rps`rf s ď res`rqs in K 0 pA α q and thus x ď y in K 0 pA α q, as desired.
(3). We prove the statement only for K 0 , which without loss of generality we assume is not the trivial group. So let H be a finitely generated subgroup of K 0 pAq, and choose an integer m ě 0, and k 0 , . . . , k m P N such that H is isomorphic to Z k0 ' Z k1 '¨¨¨' Z km as abelian groups. For 1 ď i ď k 0 and 1 ď j ď m, choose projections p 0,i , q 0,i , p j , q j P M 8 pAq, such that rp 0,i s´rq 0,i s is a (free) generator of the i-th copy of Z; and rp j s´rq j s is a generator (of order k j ) of Z kj . Without loss of generality, we may assume that there are unitaries u j P M 8 pAq, for j " 1, . . . , m, such that u j diagpp j , . . . , p j loooomoooon kj times quj " diagpq j , . . . , q j loooomoooon kj times q.
For i " 1, . . . , k 0 , let Z piq denote the i-th copy of Z in H. Then the intersection Z piq X K 0 pιqpK 0 pA αis a subgroup of Z piq , so there exists n i,0 ě 0 such that
Find projections r i,0 , s i,0 P M 8 pA α q such that rr i,0 s´rs i,0 s " n i prp 0,i s´rq 0,i sq P K 0 pAq.
Without loss of generality, we may assume that there exists a unitary
Likewise, for j " 1, . . . , m, there exists ℓ j dividing k j , such that
Find projections r j , s j P M 8 pA α q such that rr j s´rs j s " ℓ j prp j s´rq j sq P K 0 pAq.
Without loss of generality, we may assume that there exists a unitary v j P M 8 pAq such that
Claim 1: the set
. By construction, the above set, when regarded as a subset of K 0 pAq under K 0 pιq, generates K 0 pιqpK 0 pA αX H. Moreover, since K 0 pιq is injective by part (1) of this theorem, the claim follows.
An analogous argument shows that rr i,0 s´rs i,0 s, for i " 1, . . . , k 0 , has infinite order, and that rr j s´rs j s, for j " 1, . . . , m, has order ℓ j .
Find n large enough such that the set
is contained in M n pAq. Since the amplification of α to M n pAq has the Rokhlin property by part (1) of Theorem 2.5, we can replace M n pAq with A. Set ε " 1 10 . Find δ 1 ą 0 such that whenever x P A satisfies }x˚x´x} ă δ 1 , then there exists a projection p P A with }p´x} ă ε. Find δ 2 ą 0 such that whenever y P A satisfies }y˚y´1} ă δ 2 and }yy˚´1} ă δ 2 , then there exists a unitary u P A with }u´y} ă ε. Set δ " min 
(
. Use Theorem 3.1 to find a unital, linear map ψ :
Using the choice of δ 1 , find (and fix) a projection r x P A α such that }r x´ψpxq} ă ε. For y P tu j , v j : j " 1, . . . , mu, we have }ψpyq˚ψpyq´1} ď }ψpyq˚ψpyq´ψpy˚qψpyq}`}ψpy˚qψpyq´1} ď 2δ`δ ă δ 2 .
Likewise, }ψpyqψpyq˚´1}. Using the choice of δ 2 , find (and fix) a unitary r y P A α such that }r y´ψpyq} ă ε.
Claim 2:
Let j " 1, . . . , m. Then k j prr p j s´rr q j sq " 0 in K 0 pA α q. In the estimates below, there are k j repetitions on each diagonal matrix: › › r u j diagpr p j , . . . , r p j qr uj´diagpr q j , . . . , r q j q › › ď › › r u j diagpr p j , . . . , r p j qr uj´ψpu j qdiagpψpp j q, . . . , ψpp j qqψpu j q˚› › }ψpu j qdiagpψpp j q, . . . , ψpp j qqψpu j q˚´diagpψpq j q, . . . , ψpq j qq} }diagpψpq j q, . . . , ψpq j qq´diagpr q j , . . . , r q j q} ď 7ε`3δ`ε ď 9ε ă 1.
It follows from Lemma 2.5.3 in [29] that r u j diagpr p j , . . . , r p j qr uj is Murray-von Neumann equivalent to diagpr q j , . . . , r q j q in A α , and the claim is proved. Define a map π : H Ñ K 0 pA α q by πprp i,0 s´rq i,0 sq " rr p i,0 s´rr q i,0 s,
. . , k 0 , and πprp j s´rq j sq " rr p j s´rr q j s, for j " 1, . . . , m. Then π is a well-defined group homomorphism by the previous claim.
Claim 3: We have π˝K 0 pιq| K0pιq´1pHq " id K0pιq´1pHq . For this, it is enough to check that π pK 0 pιqprr i,0 s´rs i,0 sqq " rr i,0 s´rs i,0 s for all i " 1, . . . , k 0 , and π pK 0 pιqprr j s´rs j sqq " rr j s´rs j s for all j " 1, . . . , m.
Fix i P t1, . . . , k 0 u. Then K 0 pιqprr i,0 s´rs i,0 sq " n i prp i,0 s´rq i,0 sq in K 0 pAq, so we shall prove that n i prr p i,0 s´rr q i,0 sq " rr i,0 s´rs i,0 s in K 0 pA α q. The following estimate can be shown in a way similar to what was done in the proof of Claim 2:
Again, it follows from Lemma 2.5.3 in [29] that r v j diagps i,0 , r p i,0 , . . . , r p i,0 qr vj is Murray-von Neumann equivalent to diagpr r i,0 , q i,0 , . . . , r q i,0 q in A α , and the claim is proved. The argument for rr j s´rs j s, for j " 1, . . . , m, is analogous.
It follows that certain features of the K-groups of A are inherited by the Kgroups of A α and A¸α G:
Corollary 3.4. Let A be a unital C˚-algebra, let G be a second-countable compact group, and let α : G Ñ AutpAq be an action with the Rokhlin property. Let j P t0, 1u and suppose that K j pAq is either: (1) free; (2) torsion; (3) torsion-free; (4) finitely generated; (5) zero.
Then the same holds for K j pA α q and K j pA¸α Gq.
Proof. This follows immediately from part (1) of Theorem 3.3.
Corollary 3.5. Let A be a unital, separable C˚-algebra, let G be a secondcountable compact group, and let α : G Ñ AutpAq be an action with the Rokhlin property. Suppose that K j pAq is finitely generated for some j P t0, 1u. Then K j pA α q is isomorphic to a direct summand in K j pAq.
Proof. This is consequence of part (3) of Theorem 3.3, together with the fact that a short exact sequence 0 Ñ G 1 Ñ G 2 Ñ G 3 Ñ 0 of abelian groups with a section G 2 Ñ G 1 must split.
In the case of Rokhlin actions of finite groups on simple C˚-algebras, Izumi showed in Theorem 3.13 in [25] that the image of K 0 pιq : K 0 pA α q Ñ K p Aq can be computed quite explicitly as follows:
K˚pιqpK˚pA α" tx P K˚pAq : K˚pα g qpxq " x for all g P Gu.
Although K˚pιq is also injective for Rokhlin actions of arbitrary compact groups (part (1) of Theorem 3.3), a formula analogous to the one above is not true in general:
Example 3.6. Let A be a unital Kirchberg algebra satisfying the UCT, with K-theory given by K 0 pAq -K 1 pAq -Z 6 , with the class of the unit in K 0 pAq corresponding to 3 P Z 6 . By Theorem 5.3 in [11] , there exists a circle action α : T Ñ AutpAq with the Rokhlin property, such that K 0 pA α q -Z 2 , with the class of the unit of A α corresponding to 1 P Z 2 , and K 1 pA α q -Z 3 . By Proposition 3.9 in [10] , if ζ P T and j P t0, 1u, then K j pα ζ q " id Kj pAq . In particular, K j pιqpK j pA α-Z j`2 fl Z 6 -tx P K j pAq : K j pα ζ qpxq " x for all ζ P Tu.
What goes wrong in the example above (the notation of which we keep), is that if p is a projection in A such that α ζ ppq is unitarily equivalent to p for all ζ P T, then the unitaries u ζ , for ζ P T, which implement the unitary equivalence, cannot in general be chosen to depend continuously on ζ.
The splitting constructed in part (3) of Theorem 3.3 is not natural with respect to equivariant homomorphisms between G-algebras with the Rokhlin property. On the other hand, the splitting can be shown to be natural with respect to certain maps; see Theorem 3.8. The main ingredient is the following relative version of Theorem 3.1. Since its assumptions are long and are needed also in Theorem 3.8, we describe them separately.
General setting: Let B be unital C˚-algebra and let A be a unital subalgebra of B (with the same unit), and let µ : A Ñ B be its canonical inclusion. Let G be a compact group, and let α : G Ñ AutpAq and β : G Ñ AutpBq be actions with the Rokhlin property. Let τ : G Ñ G be a surjective group homomorphism satisfying β g paq " α τ pgq paq for all g P G and all a P A. 
(A typical situation in which the above assumptions are met, is as follows. Let β : T Ñ AutpBq be a Rokhlin action, and let τ : T Ñ T be the square map. Let A be the subalgebra of B of elements that are fixed by t1,´1u Ď T, and let α : G Ñ AutpAq be the induced action. It can be seen that α has the Rokhlin property, and that there exist maps ϕ A and ϕ B as above; this is done with detail in [15] .) (1) }ψ B pbcq´ψpbqψpcq} ă ε for all b, c P F B ; (2) }ψ B pb˚q´ψ B pbq˚} ă ε for all b P F B ; (3) }ψ B pbq} ď 2}b} for all b P F B ; and
Proof. Using Choi-Effros lifting theorem for the map ϕ A as in Proposition 4.3 in [13] , find a positive number δ ą 0, a finite subset K Ď G, a partition of unity pf k q kPK in CpGq, and a unital completely positive map ϕ : CpGq Ñ A, such that the following conditions hold:
(a) If g, g 1 P G satisfy dpg, g 1 q ă δ, then }α g paq´α g 1 paq} ă ε 0 for all a P F A and }β g pbq´β g 1 pbq} ă ε 0 for all b P F B . (b) Whenever k and
(c') For every g P G and for every b P F B Y FB, we have
(d) For every a P F A Y FÅ and for every k P K, we have
(d') For every b P F B Y FB and for every k P K, we have }bϕpf k q´ϕpf k qb} ă ε 0 |K| and
(e) Whenever k and for all a P A and all b P B. Properties (4) and (5) in the statement are immediate, while the remaining ones are checked as in the proof of Theorem 3.1. We omit the details.
Define unital linear maps ψ
Naturality of the splitting in part (3) of Theorem 3.3, for homomorphisms as in the proposition above, follows immediately by using Proposition 3.7 in the proof of Theorem 3.3. Despite the seemingly restrictive assumptions, this version of naturality turns out to be crucial in the proof of the main result in [15] .
Theorem 3.8. Adopt the assumptions and notation in the general setting described before Proposition 3.7. Let j P t0, 1u and let H be a finitely generated subgroup of K j pAq. Set r H " K j pµqpHq, which is a finitely generated subgroup of K j pBq. Then there exist group homomorphisms π A : H Ñ K 0 pA α q and 
We record the following result for later use. The conclusion in part (2) explains why it was possible in [10] to classify circle actions with the Rokhlin property on Kirchberg algebras up to conjugacy, using a cocycle conjugacy invariant (namely the equivariant K-theory). In its proof, we will need to use the 1-cohomology set H 1 α pG, UpAqq of an action α : G Ñ AutpAq of a locally group G on a unital C˚-algebra A; see, for example, Subsection 2.1 in [25] . Proposition 3.9. Let A be a separable unital C˚-algebra, let G be a secondcountable compact group, let α, β : G Ñ AutpAq be actions. Assume that α has the Rokhlin property, and that α and β are exterior conjugate.
(1) Then β has the Rokhlin property. (2) If A is moreover simple and purely infinite, then there exists a unitary w P UpAq such that Adpwq˝α g˝A dpw˚q " β g for all g P G. That is, α and β are conjugate via an inner automorphism of A.
Proof. (1).
It is immediate to check that if two actions are exterior conjugate, then they induce identical actions on the (continuous part of the) central sequence algebra. (Essentially because the unitaries from the cocycle, which belong to A, commute with everything in the central sequence algebra.) Thus, one of them has the Rokhlin property if and only if the other ones does.
(2). We claim that H 1 α pG, UpAqq " t0u. By Theorem 4.14 in [16] , the action α g is outer for all g P Gzt1u, so in particular α is faithful. By Proposition 3.19 in [12] , the crossed product A¸α G is purely infinite, and it is simple by Corollary 2.14 in [12] . Finally, K 0 pιq is injective by part (1) of Theorem 3.3, so the result follows from Proposition 2.5 in [25] . Now, suppose that α and β are exterior conjugate, and let u : G Ñ UpAq be a 1-cocycle for α satisfying β g " Adpu g q˝α g for all g P G. By the claim, there exists a unitary w P UpAq such that u g " wα g pw˚q for all g P G. It is then immediate that Adpwq˝α g˝A dpw˚q " Adpu g q˝α g " β g for all g P G, proving the result.
We proceed to briefly recall the definition of equivariant K-theory. [33] ). Let G be a compact group, let A be a unital C˚-algebra and let α : G Ñ AutpAq be a continuous action. Denote by P G pAq the set of all G-invariant projections in all of the algebras of the form BpV q b A, for all finite dimensional representations v : G Ñ UpV q (we take the diagonal action of G on BpV q b A). Two G-invariant projections p and q in P G pAq are said to be equivariantly Murray-von Neumann equivalent if there exists a G-invariant partial isometry s in BpV, W q b A such that s˚s " p and ss˚" q. We let V G pAq denote the set of equivalence classes in P G pAq with addition given by direct sum.
We define the equivariant K 0 -group of A, denoted K G 0 pAq, to be the Grothendieck group of V G pAq, and define the equivariant K 1 -group of A, denoted K Remark 3.11. The equivariant K-theory of A is a module over the representation ring RpGq of G, which can be identified with K G 0 pCq, with the operation given by tensor product. The induced operation RpGqˆK
We denote by IpGq the augmentation ideal in RpGq, this is, the kernel of the ring homomorphism dim : RpGq Ñ Z given by dimprpV, vqs´rpW, wqsq " dimpV q´dimpW q for rpV, vqs´rpW, wqs P RpGq. The following is Definition 4.1.2 in [33] .
Definition 3.12. Let G be a compact group, let A be a unital C˚-algebra and let α : G Ñ AutpAq be a continuous action. We say that α has discrete K-theory if there exists n P N such that IpGq n¨K G pAq " t0u.
In the following theorem, we show that the Rokhlin property implies discrete K-theory in a strong sense. Theorem 3.13. Let G be a compact group, let A be a unital C˚-algebra, and let α : G Ñ AutpAq be an action with the Rokhlin property. Then IpGq¨K G pAq " 0. In particular, α has discrete K-theory.
Proof. We show the result for K G 0 ; the result for K G 1 is analogous. (It also follows by replacing A with A b B, where B is any unital C˚-algebra satisfying the UCT with K 0 pBq " t0u and K 1 pBq " Z, and endowing it with the G-action α b id B .)
We show first that IpGq¨V G pAq " 0. Let v : G Ñ UpV q be a finite dimensional representation, and let p be a G-invariant projection in BpV q b A. Since the action g Þ Ñ Adpwq b α g of G on BpV q b A has the Rokhlin property by part (1) of Theorem 2.5, we may assume that V " C, so that p is a G-invariant projection in A.
Let x " rpW 1 , w 1 qs´rpW 2 , w 2 qs P IpGq be given. Since W 1 -W 2 as vector spaces, it is clear that
In particular, it is enough to show that if w : G Ñ UpW q is a finite dimensional representation, then prpW 1 , w 1 qs´rpW 1 , id W1 qsq rps " 0 in K G 0 pAq. We identify M 2 pBpW qqb A with M 2 pBpW, Aqq in the usual way. We will show that the elementŝ
are Murray-von Neumann equivalent in the fixed point algebra of M 2 pBpW, Aqq. The action β : G Ñ AutpM 2 pBpWb Aq is given by
which again has the Rokhlin property. Let 0 ă ε ă 1 3 , and find δ 0 ą 0 such that whenever B is a C˚-algebra and s P B satisfies }s˚s´1} ă δ 0 and }ss˚´1} ă δ, then there exists a unitary u in B such that }u´s} ă ε. Set δ " mintδ 0 ,
1 A , and observe that Likewise, }ψprqψprq˚´1} ă δ 0 . By the choice of δ 0 , there exists a unitary u P M 2 pBpW, Aqq β such that }u´ψprq} ă ε.
Recall that ψˆˆp 0 0 0˙˙"ˆp 0 0 0˙a nd similarly forˆ0 0 0 p˙.
Using this at the third step, we compute
By Lemma 2.5.3 in [29] , the projectionsˆp 0 0 0˙a ndˆ0 0 0 p˙a re Murrayvon Neumann equivalent in M 2 pBpW, Aqq β . Since K G 0 pAq is generated by the image of V G pAq, the result follows. Suppose that G is abelian, and set Γ " p G. It follows from Theorem 3.13 and the canonical RpGq-module identification K G pAq -K˚pA¸α Gq given by Julg's Theorem (see Theorem 2.6.1 in [33] for the identification as abelian groups, and see Proposition 2.7.10 in [33] for the identification as RpGq -ZrΓs-modules), that K˚pp α γ q " id K˚pA¸αGq for all γ P Γ.
3.2.
Cuntz semigroup and fixed point algebras. In this section, we study the map induced by the inclusion A α Ñ A at the level of the Cuntz semigroup (Theorem 3.16). In Corollary 3.18, we relate the K-theory and Cuntz semigroup of the crossed product to those of the original algebra.
We need to briefly review the definition of the Cuntz semigroup. The material to be recalled, and much more, can be found in [4] and [1] Definition 3.14. Let A be a C*-algebra and let a and b be positive elements in A. We say that a is Cuntz subequivalent to b, and denote this by a À b, if there is a sequence px n q nPN in A such that
We say that a is Cuntz equivalent to b, and denote this by a " b, if a À b and b À a.
It can be shown that À is a preorder on the set of positive elements of A, from which it follows that " is an equivalence relation. We denote by ras the Cuntz equivalence class of the positive element a P A. Recall that a semigroup homomorphism σ : S Ñ T between partially ordered semigroups S and T is said to be an order-embedding, if x, y P S and σpxq ď σpyq in T , imply x ď y in S. (Note that order-embeddings are in particular injective.) Theorem 3.16. Let A be a unital, separable C˚-algebra, let G be a secondcountable compact group, and let α : G Ñ AutpAq be an action with the Rokhlin property. Then the canonical inclusion ι : A α Ñ A induces an order-embedding Cupιq : CupA α q Ñ CupAq.
Proof. Let x and y be positive elements in [39] ), given ε ą 0 there exist k in N, a positive number δ ą 0 and s in A b M k such that px´εq`" s˚s and ss˚belongs to the hereditary subalgebra of A b M k generated by py´δq`. Note that the action α b id M k of G on A b M k has the Rokhlin property by part (1) of Theorem 2.5, and that M k pAq αbidM k can be canonically identified with M k pA α q. Let pψ n q nPN be a sequence of unital completely positive maps A Ñ A α as in the conclusion of Theorem 3.1. For n P N, we denote by ψ pkq n : M k pAq Ñ M k pA α q the tensor product of ψ n with id M k . Since s˚s " px´εq`, we have
We can therefore find a sequence pt m q mPN in M k pA α q such that }tmt m´p x´εq`} ă 1 m and }t m tm´ss˚} ă 1 m for all m P N. We deduce that "ˆx´ε´1 m˙` ď rtmt m s " rt m tms in CupA α q. Taking limits as m Ñ 8, and using Rørdam's Lemma again, we conclude that rpx´εq`s ď rss˚s ď rys in CupA α q. Since ε ą 0 is arbitrary, this implies that rxs ď rys in CupA α q, as desired. This finishes the proof.
Remark 3.17. In the context of the theorem above, one can show that if CupAq is finitely generated as a Cuntz semigroup, then CupιqpCupA αis a direct summand of CupAq (although the splitting is not natural). However, very few C˚-algebras have finitely generated Cuntz semigroups (this, in particular, implies that CupAq is countable), and hence we do not prove this assertion here.
Corollary 3.18. Let A be a unital, separable C˚-algebra, let G be a secondcountable compact group, and let α : G Ñ AutpAq be an action with the Rokhlin property.
(1) There is a canonical identification of K˚pA¸α Gq with an order-subgroup of K˚pAq; (2) There is a canonical identification of CupA¸α Gq with a sub-semigroup of CupAq.
Proof. Recall that two Morita equivalent separable C˚-algebras have canonically isomorphic K-groups and Cuntz semigroup. The result then follows from Proposition 2.4 in [12] together with Theorem 3.3 or Theorem 3.16.
Recall that an ordered semigroup S is said to be almost unperforated if for every x, y P S, and n P N such that pn`1qx ď ny, then x ď y. Since almost unperforation passes to sub-semigroups (with the induced order), the following is immediate.
Corollary 3.19. Let A be a unital, separable C˚-algebra, let G be a secondcountable compact group, and let α : G Ñ AutpAq be an action with the Rokhlin property. If CupAq is almost unperforated, then so are CupA α q and CupA¸α Gq.
Under the presence of the Rokhlin property, the ideal structure of crossed products and fixed point algebras can be completely determined: ideals are induced by invariant ideals in the original algebra; see Theorem 2.13 in [12] . Moreover, we deduce that strict comparison of positive elements is preserved under formation of crossed products and passage to fixed point algebras. Proof. By Lemma 6.1 in [44] , strict comparison of positive elements for a simple C˚-algebra is equivalent to almost unperforation of its Cuntz semigroup. Since A α and A¸α G are simple by Corollary 2.14 in [12] , the result follows from Corollary 3.19.
Equivariant semiprojectivity and duality
In this section, we explore the following question: are Rokhlin actions of abelian groups automatically dual actions? Surprisingly, the answer is "yes" for compact Lie groups of dimension at most one; see Theorem 4.6. Equivariant semiprojectivity, as defined by Phillips in [34] , is our main technical tool which allows us to replace almost equivariant almost homomorphisms by honest equivariant homomorphisms. The conditions on G mentioned above ensure that pCpGq, Ltq is equivariantly semiprojective; see Theorem 4.4. The techniques developed here also allow us to characterize commutative systems with the Rokhlin property, as those free systems for which the associated principal G-bundle is trivial; see Theorem 4.12.
The following is essentially Definition 1.1 in [34] ; see also [36] Definition 4.1. Let G be a locally compact group, let A be a C˚-algebra, and let α : G Ñ AutpAq be a continuous action. Let B be a class of C˚-algebras. We say that the triple pG, A, αq is equivariantly semiprojective with respect to B, if the following holds: given an action β : G Ñ AutpBq of G on a C˚-algebra B in B, given an increasing sequence J 1 Ď J 2 Ď¨¨¨Ď B of G-invariant ideals such that B{J n is in B for all n P N, and, with J " Ť nPN J n , an equivariant homomorphism φ : A Ñ B{J, there exist n P N and an equivariant homomorphism ψ : A Ñ B{J n such that, with π n : B{J n Ñ B{J denoting the canonical quotient map, we have φ " π n˝ψ . In other words, the following lifting problem can be solved:
In the diagram above, full arrows are given, and n P N and the dotted arrow are supposed to exist and make the lower triangle commute. Similarly, pG, A, αq is said to be unitally equivariantly semiprojective (with respect to B) if given the lifting problem as above with B and ψ unital, there exist n and a unital equivariant homomorphism ψ as above.
We will mostly use the above definition in the case where B is the class of all C˚-algebras (in which case we speak about equivariantly semiprojective actions). However, in the proof of Theorem 4.12, it will be convenient to take B to be the class of all commutative C˚-algebras. Lemma 4.3. Let G be a locally compact group, let A be a C˚-algebra, and let α : G Ñ AutpAq be a contiuous action. Let H be a compact group, and denote by γ : GˆH Ñ AutpAq the action given by γ pg,hq paq " α g paq for all pg, hq P GˆH and for all a P A. If pG, A, αq is (unitally) equivariantly semiprojective, then so is pGˆH, A, γq.
under which π n : B{J n Ñ B{J restricts to the quotient map
Denote by ι n : B H {J H n Ñ B{J the canonical inclusion as the H-fixed point algebra, and likewise for ι : B H {J H Ñ B{J. We thus have an associated diagram
Regard A and B as G-algebras. Since the range of ϕ really is contained in pB{Jq
Use equivariant semiprojectivity of pG, A, αq to find n P N and a G-equivariant homomorphism ψ 0 :
Then ψ is GˆH-equivariant, and satisfies ϕ " π n˝ψ . We conclude that pGˆH, A, γq is equivariantly semiprojective.
In our next result, which is of independent interest, we characterize those compact groups G for which pG, CpGq, Ltq is equivariantly semiprojective. The application we have in mind is to pre-dual actions (Theorem 4.6), so we only prove the result for abelian groups. Proof. Suppose that pG, CpGq, Ltq is equivariantly semiprojective. Then CpGq is semiprojectivey by Corollary 3.12 in [36] . By Theorem 1.2 in [43] , G must be an ANR with dimpGq ď 1. Now, ANR's are locally contractible by Theorem 2 in [8] .
Since the action of G on itself by translation is faithful and transitive, it follows from Corollary 3.7 in [24] that G is a Lie group.
Conversely, let G be an abelian compact Lie group with dimpGq ď 1. By Theorem 5.2 (a) in [42] , when G is zero-dimensional, then it is is isomorphic to a product of copies of finite cyclic groups; when G is one-dimensional, then it is isomorphic to the product of the circle T and a zero-dimensional abelian compact Lie group. We prove the result by induction.
Base case 1: G " Z m for some m P N. For j P Z m , let p j P CpZ m q denote the j-th vector of the standard basis. We will use the following descriptions of CpZ m q: it is the universal unital C˚-algebra generated by m projections adding up to 1; and it is the universal unital C˚-algebra generated by a unitary of order m. Use semiprojectivity of the C˚-algebra CpZ m q (in the unital category) to find n P N and a unital homomorphism ψ 0 : CpZ m q Ñ B{J n such that π n˝ψ0 " ϕ:
Fix ε ą 0 such that
(In particular, ε ă 1.) For j P Z m , set q j " ψ 0 pp j q. By increasing n, we may assume that max
Since u is a unitary, x is invertible and }x} ď p1`εq. Hence v " xpx˚xq´1 2 is a unitary in B{J n . Since }x˚x´1} ă 3ε, we have }v´x} "
Moreover, given j P Z m , it is clear that β " π n puq " ϕpzq, set p j " θpδ j q P B. Define B p0q " ř jPZm p j Bp j , which is a unital subalgebra of B.
n . Since the image of ϕ restricted to the canonical copy of CpHq in CpZ mˆH q commutes with the images πpp j q of p j in B{J, this restriction determines a unital, equivariant homomorphism ϕ 0 : CpHq Ñ B p0q {J p0q . We obtain the following commutative diagram, where the non-labelled arrow are the natural ones:
Since, by assumption, CpHq is equivariantly semiprojective as an H-C˚-algebra, another use of Lemma 4.3 shows that CpHq is also equivariantly semiprojective as a pZ mˆH q-C˚-algebra. Thus there exist n P N and a unital, equivariant homomorphism ψ 0 : CpHq Ñ B p0q {J p0q n . Now, define a linear map ψ : CpZ m q b CpHq Ñ B{J n by ψpδ j b aq " π n pp j qψ 0 paq for all j P Z m and a P CpHq. Since π n˝θ and ψ 0 have commuting ranges, it follows that ψ is a well-defined unital homomorphisms, and it is immediate to check that it is equivariant. The result follows.
Recall that the translation action of G on CpGq has the Rokhlin property. With this in mind, the result above suggests the following question: Question 4.5. Let A be a semiprojective unital C˚-algebra, let G be a compact group, and let α : G Ñ AutpAq be an action with the Rokhlin property. Is pG, A, αq equivariantly semiprojective?
We apply Theorem 4.4 to deduce that certain Rokhlin actions are always dual actions. Our result is new even in the well-studied case of finite groups. Theorem 4.6. Let A be a unital C˚-algebra, let G be an abelian compact Lie group with dimpGq ď 1, and let α : G Ñ AutpAq be an action with the Rokhlin property. Then there exist an action q α of p G on A α , and an isomorphism
In other words, α is a dual action.
Proof. We claim that there is a unital, equivariant homomorphism CpGq Ñ A.
Once we show this, the result will be an immediate consequence of Theorem 4 in [28] . (One should check that the algebra provided by Landstad's theorem is really A α , but this is a straighforward verification.) Let ϕ : CpGq Ñ A 8,α XA 1 be an equivariant unital homomorphism as in Definition 2.3. Note that c 0 pN, Aq -À mPN A. Now, pG, CpGq, Ltq is equivariantly semiprojective by Theorem 4.4, so there exist n P N and a unital equivariant homomorphism
A making the following diagram commute:
A is again isomorphic to ℓ 8 α pN, Aq, it follows that there is a unital equivariant homomorphism CpGq Ñ A, as desired.
4.1.
Commutative systems with the Rokhlin property. Our next goal is to describe those compact dynamical systems G ñ X whose induced action of G on CpXq has the Rokhlin property. Under mild assumptions on G, Rokhlin actions of G on X are precisely the free actions whose associated principal G-bundle X Ñ X{G is trivial; see Theorem 4.12. This result and the methods used in its proof have found applications in the context of the Borsuk-Ulam conjecture [3] . Since the case of non-Lie groups is the most relevant one, we will prove Theorem 4.12 in a generality that does not require G to be a Lie group, unlike in Theorem 4.6. Since equivariant semiprojectivity of CpGq (even in the commutative category) implies that G is a Lie group, we have to consider the following weakening of this notion, which is nevertheless sufficient for our purposes: Definition 4.7. Let G be a locally compact group, let A be a C˚-algebra, and let α : G Ñ AutpAq be a continuous action. Let B be a class of C˚-algebras. We say that the triple pG, A, αq is weakly equivariantly semiprojective with respect to B, if the following holds: given an action γ : G Ñ AutpCq of G on a C˚-algebra C in B, and given an equivariant homomorphism ϕ : A Ñ C 8 , there exists an equivariant homomorphism ψ : A Ñ ℓ 8 pN, Cq such that ϕ " κ C˝ψ . In other words, the following lifting problem can be solved:
In the diagram above, full arrows are given, and the dotted arrow is supposed to exist and make the triangle commute. The unital version is defined as in Definition 4.1.
Remark 4.8. Weak equivariant semiprojectivity can be rephrased in terms of a certain approximate lift. In the context of Definition 4.7, instead of asking for the existence of ψ we could ask for the following: given ε ą 0, and a finite subset F Ď C, there exists an equivariant homomorphism θ : A Ñ ℓ 8 pN, Cq such that }pκ˝θqpaq´ϕpaq} ă ε for all a P F . This remark gives us a big family of examples. For example:
Example 4.9. Denote by C the class of all commutative C˚-algebras. Let G be a compact Lie group, let X be a smooth manifold, and let G ñ X be a faithful smooth action. Then CpXq is unitally G-equivariantly semiprojective with respect to C.
Proof. By Theorem 8.8 in [31] , X is an equivariant ANR in the sense of the definition before Proposition 4.1 in [31] . (Notice the standing assumption in [31] that all groups are compact Lie groups.) An easy comparison of the definitions shows that a G-space X is an equivariant ANR if and only if CpXq is unitally equivariantly semiprojective with respect to the class C of commutative C˚-algebras, so the proof is finished.
In particular, if G is a compact Lie group, then CpGq is weakly G-equivariantly semiprojective with respect to the class of all commutative C˚-algebras. Moreover, there are non-Lie groups for which this is also true: Proposition 4.10. Let pG n q nPN be a sequence of nontrivial compact Lie groups, and set G " ś nPN G n .
(1) pG, CpGq, Ltq is unitally weakly equivariantly semiprojective (but not equivariantly semiprojective) with respect to the class C of all commutative C˚-algebras. (2) Suppose that G n is finite and abelian for all n P N, and set H " GˆT.
Then pG, CpGq, Ltq and pH, CpHq, Ltq are unitally weakly equivariantly semiprojective (but not equivariantly semiprojective) with respect to the class A of all C˚-algebras. r r r r r ιm / / CpGq
The proof is finished by setting θ " θ 0˝πm . (2) . The argument for CpGq is very similar, using Theorem 4.4 instead of Example 4.9. When proving that CpHq is weakly equivariantly semiprojective, one takes K n to be TˆG 1ˆ¨¨¨ˆGn , and argues identically.
It is not true that CpGq is weakly equivariant semiprojective for every compact group G. For example, one can show that if G is zero-dimensional and CpGq is weakly equivariantly semiprojective, then G must have torsion. It is very possible that all zero-dimensional compact groups for which CpGq is weakly equivariantly semiprojective must be products of finite groups. We have not explored this direction any further.
Before proving the main result of this subsection, we need an easy lemma. We are thankful to Tron Omland for suggesting its proof. We refer the reader to Appendix A in [6] for the definitions of coactions and their crossed products, as well as for some of their basic features.
Lemma 4.11. Let G be a compact group, let A be a commutative C˚-algebra, and let δ : CpY q Ñ M pA b C˚pGqq be a coaction of G on A. If A¸δ G is commutative, then δ is trivial, this is, δpaq " a b 1 for all a P A. In this case, there is a canonical isomorphism
Proof. Denote by j A : A Ñ M pA¸δ Gq and j G : CpGq Ñ M pA¸δ Gq the universal maps (see, for example, Definition A.39 in [6] ), which satisfy the covariance condition ppj A b id G q˝δq paq " rpj G b id G qpw G qs pj A paq b 1q rpj G b id G qpw G q˚s for all a P A; see Definition A.32 in [6] . Since j A paq is in the center of AbM pC˚pGqq, which is dense in M pA b C˚pGqq, the above identity becomes ppj A b id G q˝δq paq " j A paq b 1 for all a P A. This is equivalent to j A b id G pδpaq´a b 1q " 0 for all a P A.
We claim that δ is normal (that is, that j A is injective; see Definition 2.1 in [38] ). Once we prove the claim, it will follow that δpaq " a b 1 for all a P A, so δ is the trivial coaction.
We prove the claim. Since G is amenable, δ is both a full and reduced coaction. Now, δ admits a faithful covariant representation by Proposition 3.2 in [38] , so it is normal by Lemma 2.2 in [38] .
The last part of the statement follows immediately from the definition of the cocrossed product.
What follows is a characterization of commutative dynamical systems with the Rokhlin property. We are thankful to Hannes Thiel for providing the reference [31] .
We continue to denote by C the class of commutative C˚-algebras. Note that the assumption that CpGq be weakly equivariantly semiprojective with respect to C is satisfied in many cases of interest (see Example 4.9 and Proposition 4.10).
Theorem 4.12. Let X be a compact Hausdorff space, and let G ñ X be an action of a compact group G. Denote by α : G Ñ AutpCpXqq the induced action. Assume that CpGq is weakly equivariantly semiprojective with respect to C. Then α has the Rokhlin property if and only if there is a homeomorphism σ : X{GˆG Ñ X such that g¨σpGx, hq " σpGx, ghq for all g, h P G and for all x P X.
Proof. The "if" implication follows from part (1) of Theorem 2.5, since the assumptions imply that there is an equivariant isomorphism pG, CpXq, αq -pG, CpX{Gq b CpGq, id CpX{Gq b Ltq.
Let ϕ : CpGq Ñ CpXq 8,α X CpXq 1 " CpXq 8,α be an equivariant unital homomorphism as in Definition 2.3. By weak equivariant semiprojectivity, there exists a unital equivariant homomorphism ψ : CpGq Ñ ℓ 8 α pN, CpXqq such that ϕ " κ CpXq˝ψ . In particular, there is a unital equivariant homomorphism CpGq Ñ CpXq. Dually, there is an equivariant, continuous map ρ : X Ñ G, which is necessarily surjective.
We show two ways of finishing the proof.
(First argument.) Denote by π : X Ñ X{G the canonical quotient map onto the orbit space. (This map is a principal G-bundle, but we do not need this here.) Define an equivariant continuous map κ : X Ñ X{GˆG by κpxq " pπpxq, ρpxqq for all x P X. We claim that κ is a homeomorphism.
To check surjectivity, let py, gq P X{GˆG be given. Choose x P X such that πpxq " y, and find h P G such that ρph¨xq " g. (Such element h exists because the action of G on itself is transitive.) It is then clear that κph¨xq " py, gq, so κ is surjective.
We now check injectivity. Let x 1 , x 2 P X satisfy κpx 1 q " κpx 2 q. Since πpx 1 q " πpx 2 q, it follows that there exists g P G such that g¨x 1 " x 2 . Now, since ρpx 1 q " ρpx 2 q, we must have g " 1 G and hence x 1 " x 2 .
It follows that κ is a continuous bijection. Since X and X{GˆG are compact metric spaces, it follows that κ´1 is continuous, and the claim is proved. This finishes the proof.
(Second argument). Since there is a unital equivariant homomorphism CpGq Ñ CpXq, it follows from Theorem 3 in [28] , that there are a coaction β of G on CpX{Gq, and an isomorphism CpX{Gq¸β G -CpXq that intertwines the dual G-action of β and α. (The verification of the hypotheses of Theorem 3 in [28] takes slightly more work than for Theorem 4 in [28] , which was needed in Theorem 4.6, but it is nevertheless not difficult. With the notation of Theorem 4 in [28] , observe that δ is will be nondegenerate because A is unital.) Since the crossed product CpX{Gq¸β G is commutative, Lemma 4.11 implies that the coaction β must be trivial. In this case, there is a canonical identification CpX{Gq¸β G -CpX{Gq b CpGq, which is moreover equivariant, with p β on the left-hand side, and the action id CpX{Gq b Lt on the right-hand side. The result follows.
It follows that if G acts on CpXq with the Rokhlin property, then the induced action of G on X is free. The converse is not in general true: consider, for example the circle on the Möbius cylinder M which is given by rotating each copy of the circle, and acting trivially on the non-orientable direction. This action is free, and the orbit space is homeomorphic to T. However, M is not homeomorphic to TˆT, and thus this action does not have the Rokhlin property.
On the other hand, we have the following partial converse: Proposition 4.13. Let a Lie group G act freely on a compact Hausdorff space X. If dimpGq " dimpXq, then the induced action of G on CpXq has the Rokhlin property.
Proof. Since G is a Lie group, we have dimpX{Gq " dimpXq´dimpGq " 0. Denote by π : X Ñ X{G the canonical quotient map. By Theorem 8 in [30] , there exists a continuous cross-section s : X{G Ñ X. Given x P X, there exists g x P G such that g x¨x " ps˝πqpxq. Moreover, since the action is free, g x is uniquely determined by x and s, and it is easy to verify that the assignment x Þ Ñ g x is continuous, using continuity of s and of the group operations.
One readily checks that the map κ : X Ñ X{GˆG, given by κpxq " pGx, g x q for all x P X, is an equivariant homeomorphism. We conclude that G Ñ AutpCpXqq has the Rokhlin property.
